The near-zero modes of the Dirac operator are connected to spontaneous breaking of chiral symmetry in QCD (SBCS ) via the Banks-Casher relation. At the same time the distribution of the near-zero modes is well described by the Random Matrix Theory (RMT ) with the Gaussian Unitary Ensemble (GUE ). Then it has become a standard lore that a randomness, as observed through distributions of the near-zero modes of the Dirac operator, is a consequence of SBCS. The higher-lying modes of the Dirac operator are not affected by SBCS and are sensitive to confinement physics and related SU (2) CS and SU (2N F ) symmetries. We study the distribution of the near-zero and higher-lying eigenmodes of the overlap Dirac operator within N F = 2 dynamical simulations. We find that both the distributions of the near-zero and higher-lying modes are perfectly described by GUE of RMT. This means that randomness, while consistent with SBCS, is not a consequence of SBCS and is linked to the confining chromo-electric field.
Introduction
In QCD the SU (N F ) L × SU (N F ) R chiral symmetry of the Lagrangian is broken spontaneously by the quark condensate of the vacuum down to SU (N F ) V . A density of the near-zero modes of the Euclidean Dirac operator is connected via the Banks-Casher relation 1 with the quark condensate, that is an order parameter for spontaneous breaking of chiral symmetry (SBCS ). It is believed that in the lowenergy domain around the chiral limit QCD can be described by an effective theory that involves the lowest excitations of the theory, the (pseudo) Goldstone bosons U (x) = e iπ(x)/Fπ .
The effective low-energy Lagrangian L ef f in an expansion in powers of derivatives of the field U (x) and powers of quark masses is given as
where M is the mass matrix in a theory with N F degenerate flavors M = mI, m is the mass of a single quark flavor and I is a N F × N F identity. Θ is the vacuum angle and Σ is the quark condensate. Then the effective low-energy partition for Euclidean QCD in a finite box with the volume V is given as
Thus, two constants F π and Σ determine the leading term of the effective Lagrangian and the higher-derivative terms generate corrections, involving powers of 1/L 2 , where L is the linear size of the box, and powers of M . The interaction of Goldstone bosons is suppressed by their momenta. Consequently, one can parametrize the U (x) field as U (x) = U 0 U 1 (x), where U 0 describes the zero-momentum modes p = 0 and is space-independent and U 1 (x) describes the modes with p = 0. In the limit in which
the zero-momentum modes dominate and the effective partition function with the trivial theta-angle, Θ = 0, becomes
where A is a normalization constant. Thus, QCD in the low-energy domain near the chiral limit with spontaneous breaking of chiral symmetry can be effectively described within the -regime (Λ QCD L >> 1, m π L << 1) by a theory with the partition function above.
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At the same time it is known that these low-energy chiral properties of QCD can be described within a model that relies on randomly distributed weakly interacting instantons in the QCD vacuum. 3, 4 The randomness of the instanton distribution in Euclidean space-time is reflected in the distribution of the near-zero modes of the Euclidean Dirac operator, because within this model the exact quark zero modes, which are due to a zero-mode solution of the Dirac equation for a massless quark in the field of an isolated instanton, in an ensemble of the (weakly) interacting instantons become the near-zero modes.
Motivated by these observations it was suggested in Ref. 5 that the low-energy domain of QCD, related to spontaneous breaking of chiral symmetry, can be described by the chiral random matrix theory (chRMT ) with
where W is some random matrix such that the density probability distribution of W for N F degenerate flavors is given by
Here dW is Haar measure and D is Euclidean Dirac operator,
Choosing the chiral representation for the γ-matrices
the Dirac operator, if the mass is set to zero, has the following structure:
The Dirac operator in a finite volume (i.e. on the lattice) is a large N × N matrix that is determined by the lattice size. If this matrix is random and recovers for N → ∞ the Dirac operator in continuum, then the low-energy properties of QCD, related to SBCS, should be consistent with the chRMT.
In Eq. (7) N is the normalization constant, Σ is a parameter that it is not always related to the chiral condensate (not -if we are beyond the regime), and β is the Dyson index which is determined by the symmetry properties of the matrix W . Different values of β correspond to different matrix ensembles. If β = 1 we have the chiral Gaussian Orthogonal Ensemble (chGOE ), if β = 2 the chiral Gaussian Unitary Ensemble (chGUE ) and β = 4, the chiral Gaussian Symplectic Ensemble (chGSE ). In QCD β = 2 as was shown in Ref. 6 .
Subsequent lattice studies of distributions of the lowest-lying modes in QCD have confirmed that these distributions follow a universal behaviour imposed by the Wigner-Dyson Random Matrix Theory. [7] [8] [9] [10] [11] [12] As a result it has become an accepted paradigm that randomness of the low-lying modes is a consequence of SBCS.
The lowest-lying modes of the Dirac operator are strongly affected by SBCS. At the same time the higher-lying modes are subject to confinement physics. This was recently established on the lattice via truncation of the lowest modes of the overlap Dirac operator from the quark propagators. [13] [14] [15] [16] Hadrons (except for pion)
survive this truncation and their mass remains large. Not only SU (2) L × SU (2) R and U (1) A chiral symmetries get restored, but actually some higher symmetries emerge. These symmetries were established to be SU (2) CS (chiral-spin) and SU (4) that contain chiral symmetries as subgroups and that are symmetries of confining chromo-electric interaction. The mass evolution of the J = 1 mesons upon truncation of k lowest eigenmodes of the Dirac operator is shown on Fig. 1 .
14 It is obvious that information about SU (2) L × SU (2) R and U (1) A breakings is contained in lowest 10-20 modes (given the lattice size L ∼ 2 fm). The higher-lying modes reflect a SU (2) CS and SU (4) symmetric regime and are not sensitive to SBCS.
Given success of chRMT for the lowest-lying modes of the Dirac operator it is natural to expect that the distribution law of the higher-lying modes should be different and should reflect confinement physics. This motivates our study of the distribution of the lowest-lying and higher-lying modes of the Dirac operator and their comparison.
Lattice Setup
We compute 200 lowest eigenmodes of the overlap Dirac operator (see Refs. 19, 20) 
where
is the valence quarks mass and ρ = 1.6 is a simulation parameter. The overlap operator is γ 5 -hermitian
and satisfies the Ginsparg-Wilson relation
The eigenvalues of the overlap Dirac operator lie on a circle with radius R = ρ − m 2 , see Fig. 2 , and come in pairs (λ ov (m), λ * ov (m)). This is a consequence of Eq. (13) and the γ 5 -hermiticity. Hence the eigenvalues below the real axis bring the same informations as the eigenvalues above the real axis. For this reason we consider, for our analysis, only the eigenmodes with Im(λ ov (m)) ≥ 0.
In order to recover the eigenvalue λ of the massless Dirac operator in continuum theory we need to project our eigenvalues on the imaginary axis. There is no unique way to define projection. For this purpose we consider three different definitions. All of these definitions are illustrated on Fig. 2 . We will study the sensitivity of our results on choice of projection definition. For reasonably low eigenvalues and not large quark masses we don't expect a large variation in so defined projections.
We use 100 gauge field configurations in the zero global topological charge sector generated by JLQCD collaboration with N F = 2 dynamical overlap fermions on a L 3 × L t = 16 3 × 32 lattice with β = 2.30 and lattice spacing a ∼ 0.12f m. The pion mass is m π = 289(2)M eV , see Refs. 21, 22 . Precisely the same gauge configurations have been used in truncation studies.
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The eigenvalues λ ov (m) of D ov (m) are obtained calculating, at first, the sign function sign [H] . We use the Chebyshev polynomials to approximate sign[H] with an accuracy of = 10 −18 , and then compute 200 eigenvalues of D ov (m). We notice that with this lattice setup it is not a priori obvious that chRMT should work, because we are beyond the -regime, in our case m π L 3.
Lowest Eigenvalues
As we have seen we are out from -regime and the full agreement with chRMT is not a priori expected. Nevertheless we want to check whether chRMT can still describe the lowest eigenvalues in our system.
An important prediction of chRMT is the distribution of the lowest eigenvalues in the limit when the four dimensional volume V → ∞ and the quantity V Σm π is fixed, see Ref. 23 . We order the projected eigenvalues such that λ 1 ≤ λ 2 ≤ ... ≤ λ N , then we define the variables ζ k = V Σλ k and get the distribution p k (ζ k ) of each ζ k (Ref. 23) .
In Table 1 we show the ratios λ k / λ j , for 1 ≤ j < k ≤ 4, where λ i is the average over all gauge configurations for the ith projected eigenvalue. Since we don't . know the parameter Σ, we can use that ζ k = V Σ λ k and we can compare our ratios with the predictions of chRMT. Table  1 . Ratio λ k / λ j for 1 ≤ j ≤ k ≤ 4 and the same values computed with the chRMT. We denote with σ the error. In this case we have used λ defined as in Fig. 2(b) . We see that the ratios for the first 3 projected eigenvalues are in good agreement with the chRMT. The ratios involving the 4-th projected eigenvalues have a larger discrepancy. From the theoretical values of ζ k and the observed values of λ k we can extract the parameter Σ. We find Σ = (232.2 ± 0.9M eV ) 3 . We use this parameter to compare the distribution p 1 (ζ) = dN 1 /dζ of the first lowest projected eigenvalue with the theoretical distribution given by chRMT, as we report in Fig. 3 . dN 1 is the number of values assumed by the lowest projected eigenvalue of the Dirac operator, multiplied by V Σ, for different configurations in the interval (ζ, ζ + dζ). We conclude this section noting that, even though we are not in the -regime, for very low eigenvalues the predictions of chRMT are in good agreement with data. 
Nearest Neighbor Spacing Distribution
In this section we consider another important prediction of chRMT. We first define the variable
and R(λ) is the probability to find an eigenvalue of the Dirac operator inside the interval (λ, λ + dλ). n indicates the number of the lowest projected eigenvalue, supposing we have ordered them in ascending order as described in the previous section. The distribution of the variable in Eq. (14) is called nearest neighbor spacing distribution (or NNS distribution). In principle we don't have access to the theoretical distribution R(λ) and the calculation of ξ(λ n ) is not trivial. The procedure to map the set of variables {λ 1 , ..., λ N } into the set {ξ 1 , ..., ξ N } is called unfolding and it is described in Ref. 24 . To unfold we introduce the following variable
is the spectral density of the Dirac operator averaged over all gauge field configurations, λ i k denotes the kth lowest projected eigenvalue of the Dirac operator computed using the ith gauge configuration and M = 100 is the number of gauge configurations. It is shown in Ref. 24 that we can decompose η(λ) into a global smooth part ξ(λ) and a local fluctuating part η f l (λ): The smooth part can be obtained by a polynomial fit of η(λ), as shown in Fig. 4 .
For different values of the Dyson index β we have different shapes of the NNS distribution.
We use the NNS distribution p(s) = dN s /ds, where dN s represents the number of the values s n inside the interval (s, s + ds), to study the lowest and the higher eigenvalues of the overlap Dirac operator.
The lowest eigenvalues contain the information about SU (2) L ⊗SU (2) R ⊗U (1) A breaking as is evident from Fig. 1 . On the other hand the higher-lying eigenvalues, with k > 10 − 20 are not sensitive to SBCS and to breaking of U (1) A , but reflect physics of confinement and of SU (2) CS and SU (4) symmetries.
The NNS distributions obtained with the lowest 10 eigenmodes and with the eigenmodes in the interval 81 -100 are shown on Fig. 5 . We see that the distribution of the lowest 10 eigenmodes is perfectly described by the Gaussian Unitary Ensemble, in agreement with chRMT. However, the same Wigner distribution is observed for the higher-lying eigenmodes, which is unexpected. This tells that the Wigner distribution is not a consequence of SBCS in QCD and has a more general root. . We have used λ defined as in Fig. 1(b) .
Finally, in Fig. 6 we show NNS distributions of the lowest 100 modes calculated with three different definitions of projected eigenvalue, compare with Fig. 1 . It is clear that results for the distribution is not sensitive to definition of projected eigenvalue.
Discussion and Conclusions
In the past the distributions were studied typically for the low-lying modes, see e.g. Ref. [7] [8] [9] [10] [11] [12] . The observed Wigner distribution was linked to the SBCS phenomenon. The NNS distribution for all eigenmodes has been investigated on a small 6 3 × 4 lattice with the staggered fermions in Ref. 25 . The Wigner surmise has been noticed in this study (see also Ref. 26) . On a small lattice it is difficult to distinguish the near-zero modes, responsible for SBCS and the bulk modes, however.
We have used a reasonably large lattice with the chirally-invariant Dirac operator. More important, given our previous works, [13] [14] [15] [16] we have a control over which modes can be considered as the near-zero modes, that are related with SBCS, and which are the bulk modes that are not affected by SBCS. It is clear from the 1 that on our lattice the physics of SBCS is contained roughly in 10 lowest modes of the Dirac operator.The higher-lying modes are subject to confinement physics and related SU (2) CS and SU (4) symmetries. The higher-lying modes do not carry information about SBCS.
We have found that even beyond the -regime RMT describes well the lowest eigenvalues of our system in agreement with previous results. We have also found that the higher-lying modes, that are not sensitive to SBCS, follow the same Wigner distribution as the near-zero modes.
This observation means that the Wigner distribution seen both for the nearzero and higher-lying modes, while consistent with spontaneous breaking of chiral symmetry, is not a consequence of spontaneous breaking of chiral symmetry in QCD but has some more general origin in QCD in confinement regime.
An interesting question is what part of the QCD dynamics is primarily linked to randomness. We can answer this question given the new SU (2) CS and SU (4) symmetries and their connection to a specific part of the QCD dynamics. 17, 18 In particular, it is the chromo-electric part of the QCD dynamics that is a source of these symmetries. At the same time the chromo-magnetic interaction breaks both symmetries. This symmetry classification distinguishes different parts of the QCD dynamics. The emergence of the SU (2) CS and SU (4) symmetries upon truncation of the near-zero modes of the Dirac operator allows to claim that the effect of the chromo-magnetic interaction in QCD is located exclusively in the near-zero modes, while confining chromo-electric interaction is distributed among all modes of the Dirac operator.
Obviously some microscopic dynamics should be responsible for this. Given our observation that both the near-zero and the bulk modes are subject to randomness, we can conclude that some unknown random dynamics in QCD is linked to the confining chromo-electric field. This conclusion is reinforced by a recent study 27 of high temperature QCD where the near-zero modes of the Dirac operator are suppressed and where the chiral symmetry is restored. There the same SU (2) CS and SU (4) symmetries are observed and the results indicate that the notion of "trivial" deconfinement (related to the Polyakov loop) has to be reconsidered.
